We solve the open problem of determining the second order term in the asymptotic expansion of the integral in Ball's integral inequality. In fact, we provide a method by which one can compute any term in the expansion. We also indicate how to derive an asymptotically sharp form of a generalized Ball's integral inequality.
Introduction
To prove that every (n − 1)-dimensional section of the unit cube in R n has volume at most √ 2, K. Ball [1] made essential use of the inequality
in which equality holds if and only if n = 2.
Later, Ball's integral inequality (1) was proved using different methods; see [2, 6] (also see [4] for an analogue of Ball's inequality). Independently of Ball, D. Borwein, J. M. Borwein and I. E. Leonard investigated, in [2] , the asymptotic expansion of the left side of (1) . They established the existence of real constants, c j , such that
and posed the problem of determining the value of c 2 .
K. Oleszkiewicz and A. Pelczyński, in [7] , proved the following variant of Ball's inequality, namely,
involving a special case of
the Bessel function of order ν. They showed that, with the method used to establish their inequality (3), one can prove (1) . Also, they discussed the more general inequality 
Proof. We first observe that I(n) can be replaced by
Next, set
Then, for k odd, one has
Therefore, it suffices to show there exists constants c 3 , c 4 , . . . , c m such that
Making the change of variable s = t √ n in
Now,
in which
Using Newton's Binomial Formula we obtain
Only the first m+1 terms on the right-hand side of (4) yield the powers 1 n 0 , and so on. The highest power of t yielding 1 n m is t 4m . Accordingly, we write
. For concreteness, we now work with the polynomial of degree 28 in (5) corresponding to m = 7. It is given in the Appendix. Formula (5) becomes
and gives all the correct terms in the asymptotic expansion up to 1 n 7 . Multiplying the polynomial in (6) by e −t 2 /6 , integrating the product from 0 to √ 6n and using the fact that
. . , 2m, we obtain, with an error of O 1 n 8 , , c 7 = − 5270328789 136478720000 .
Remark 3.
A proof using splines that I(n) ∼ 3π 2 is given in [3] .
A generalized Ball's integral inequality
We indicate how to determine constants c 0 , c 1 , c 2 , c 3 , . . . , c m so that, with n ≥ 2,
For definiteness, we do this when m = 3 .
Our first observation is that I ν (n) may be replaced by
Indeed, using the estimate
given in [5] , we get, for n sufficiently large,
with x = 2 ν Γ(ν + 1).
As we did in Section 2 for sin t t , we approximate 2 ν t −ν Γ(ν + 1)J ν (t) in (8) by the k-th partial sum of its Maclaurin series, namely,
where k ≥ m + 1.
The change of variable t −→ t √ n in the integral of
Using the Maclaurin expansion of exp t 2 4n(ν + 1) , together with (9), we obtain
.
One finds that
and that, moreover, which means the maximum value of I 1 (n) occurs at n = 2 and in the limit as n approaches infinity. However, when ν > 1 and n ≥ 2, the c 0 in (7) is greater than the I ν (n). In particular, I ν (2) = 2 3ν Γ(ν + 1) 
